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λ-calculi

M,N ::= x | λx .M | MN
V ,U ::= x | λx .M

Call-by-Name [Church 32] Call-by-Value [Plotkin 75]

(λx .M)N 7→β M{N/x} (λx .M)V 7→βv M{V /x}
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(λx .M)N 7→β M{N/x} (λx .M)V 7→βv M{V /x}

Bang-calculus [Ehrhard and Guerrieri 16]

M,N ::= x | λx .M | MN | der(M) | !M

(λx .M)(!N) 7→! M{N/x}
der(!M) 7→! M
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Translations [Ehrhard and Guerrieri 16]

Call-by-Name Call-by-Value

xn ::= x xv ::= !x

(λx .M)n ::= λx .Mn (λx .M)v ::= !λx .Mv

(MN)n ::= Mn!Nn (MN)v ::= der(Mv )Nv

Theorem: preservation of reduction sequences
If M →β N then Mn →! Nn.
If M →βv N then Mv →2

! Nv .
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Meaningfulness

I = λx .x Ix →β x

Ω = (λx .xx)(λx .xx) Ω→β Ω→β · · · →β Ω→β · · ·

Y = λf .(λx .f (xx))(λx .f (xx)) Y →β λf .(f ((λx .f (xx))(λx .f (xx))))
→β λf .(f (f ((λx .f (xx))(λx .f (xx)))))
→→β λf .(f (f (f (· · · ))))

CbN M solvable if ∃x1, . . . xn,M1, . . . ,Mk
s.t. (λx1 . . . xn.M)M1 · · ·Mk →→β λx .x

CbV M scrutable if ∃x1, . . . xn,M1, . . . ,Mk ,V
s.t. (λx1 . . . xn.M)M1 · · ·Mk →→βv V
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Approximation Theory

Böhm Tree

Taylor Expansion

[Barendregt 77]

[Ehrhard and Regnier 03]

∞-normal form

∑
∞

linear approximants

Theorem: Commutation [Ehrhard and Regnier 08]

NF (T (M)) = T (BT(M))

Theorem: Solvability and Böhm Tree [Barendregt 77]

M insolvable iff BT(M) = ⊥.
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Distant Mechanism [Accatoli and Paolini 12]

Explicit substitution M[N/x ]
List context 〈·〉[N1/x1][N2/x2] · · · [Nn/xn]

Distant Bang-Calculus [Bucciarelli, Kesner, Ríos, Viso 23]

L〈λx .M〉N →d! L〈M[N/x ]〉
M[L〈!N〉/x ] →d! L〈M{N/x}〉

(λyx .xy)(λw .w)(!z) →d! (λx .xy)[(λw .w)/y ](!z)
→d! (xy)[(λw .w)/y ][!z/x ]
→d! (zy)[(λw .w)/y ]
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Taylor Expansion for dBang

Ressource-calculus
m, n ::= x | λx .m | mn | der(m) | m[n/x ] | [m1, . . . ,mk ]

m[[n1, . . . , nk ]/x ]⇒δ
⋃
σ∈Pk

〈m{nσ(1)/x1, . . . , nσ(k)/xk}〉 if k = dx (m).

∅ otherwise.

Approximant of terms:

x /! x
m /! M

λx .m /! λx .M · · · m1 /! M · · · mk /! M
[m1, . . . ,mk ] /! !M (k ∈ N)

T!(M) = {m | m /! M}

T ((λx .xx)!y) = {(λx .xx) [y , . . . , y ]︸ ︷︷ ︸
n

|n ≥ 0}

(λx .xx)[]→r ∅ (λx .xx)[y , y ]→r yy (λx .xx)[y , y , y ]→r ∅ · · ·
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Approximation Tree for dBang

Approximants are terms in normal form with a subterm ⊥

∀M ∈ dBang⊥,⊥ v M
A(M) = {A | M →→d! N,A v N}

λx .x in NF A(λx .x) = {⊥, λx .⊥, λx .x}

Ω→d! Ω A(Ω) = {⊥}

Y n →d! x !Y n →d! x !x !Y n →d! · · · A(Y n) = {⊥, x⊥, x !⊥, x !x⊥, · · · }

AT!(M) = ∪A(M)

8 / 14
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Commutation Theorem in dBang

T (⊥) = ∅ T!(AT!(M)) = ∪A∈A(M)T!(A)

NF (T (M)) =
⋃

m/!M
NF (m)

Theorem: Commutation

T!(AT!(M)) = NF(T!(M))
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Taylor Expansion for dCBN and dCBV

Approximants Translations

dCBN
m /n M n1 /n N · · · nk /n N

m[[n1, . . . , nk ]/x ] /n M[N/x ] (M[N/x ])n ::= Mn[!Nn/x ]

dCBV
m /v M n /v N
m[n/x ] /v M[N/x ] (M[N/x ])v ::= Mv [Nv/x ]

Tn(M) = {m | m /n M} Tv (M) = {m | m /v M}

Theorem: translation of Taylor

Tn(M) = T!(Mn) Tv (M) = T!(Mv )
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Approximation Trees for dCBN and dCBV

dCBN dCBV

A ::= Nλ | λx .A

Nλ ::= x | ⊥ | NλA

A ::= Nλ | λx .A | A[NV /x ]

Nλ ::= x | ⊥ | NλA | Aλ[NV /x ]

NV ::= NλA | NV [NV /x ]

A(M) = {A | M →→d! N,A v N}

AT(M) = ∪A(M)
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Link with dBang

Embedding Lemma:
if Mn →d! N, then ∃P s.t. M →→dn P and N →→d! Pn.
if Mv →d! N, then ∃P s.t. M →→dv P and N →→d! Pv .

Theorem: translation of Böhm

(ATn(M))n = AT!(Mn) (ATv (M))v = AT!(Mv )

Theorem: Commutations

Tv(ATv(M)) = NF (Tv(M)) Tn(ATn(M)) = NF (Tn(M))
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Taylor Expansion and Meaningfulness

dBang M meaningful if ∃x1, . . . xn,M1, . . . ,Mk ,N
s.t. (λx1 . . . xn.M)M1 · · ·Mk →→d!!N

Theorem: Meaningfulness and Taylor Expansion

dCBN M is solvable if and only if NF (Tn(M)) 6= ∅.
dCBV M is scrutable if and only if NF (Tv (M)) 6= ∅.

dBang if M is meaningful, then NF (T!(M)) 6= ∅.

xy dBang-meaningfull, but not xx ,
Taylor expansion can not distinguish them.

Restriction to a clash-free fragment: (x !x)(x !x) is meaningless
cannot be given an empty Taylor normal form.

⇒ Restriction to terms reached by a translation from dCBN and
dCBV.
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Böhm tree and Taylor expansion for a language representing
untyped proof structures

[Dufour and Mazza. Böhm and Taylor for All! 24]

Futur work:
study of the "good" fragment of dBang

study of an extensional version
study equational theories
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